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Conductance fluctuations in a quantum dot under almost periodic ac pumping.
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It is shown that the variance of the linear dc conductance fluctuations in an open quantum dot
under a high-frequency ac pumping depends significantly on the spectral content of the ac field. For
a sufficiently strong ac field γτϕ ≪ 1, where 1/τϕ is the dephasing rate induced by ac noise and
γ is the electron escape rate, the dc conductance fluctuations are much stronger for the harmonic
pumping than in the case of the noise ac field of the same intensity. The reduction factor r in
a static magnetic field takes the universal value of 2 only for the white–noise pumping. For the
strictly harmonic pumping A(t) = A0 cosωt of sufficiently large intensity the variance is almost
insensitive to the static magnetic field r − 1 = 2√τϕγ ≪ 1. For the quasi-periodic ac field of the
form A(t) = A0 [cos(ω1t) + cos(ω2t)] with ω1,2 ≫ γ and γτϕ ≪ 1 we predict the novel effect of
enchancement of conductance fluctuations at commensurate frequencies ω2/ω1 = P/Q.
PACS numbers: 72.15.-v, 72.30.+q, 73.23.-b
One of the most important discoveries in mesoscopic
physics is the universal conductance fluctuations [1,2].
These fluctuations of the order of δG ∼ e2/h¯, are due to
stochastic quantum interference. They depend only on
the effective dimensionality and general symmetries, but
not on the microscopic details of the system. The fluc-
tuations can manifest themselves as reproducible aperi-
odic magneto-resistance patterns(magnetic fingerprints).
Variation of the fluctuations with magnetic fields and
chemical potential, temperature etc. were calculated by
the diagrammatic technique [3] and observed in many dis-
ordered electronic systems [4]. In the presence of a strong
enough static magnetic field, the time reversal symmetry
is broken and the variance 〈δG2〉 (〈...〉 stands for the dis-
order average) of conductance fluctuations is reduced by
the factor r = 2.
Recently there has been a considerable interest in non-
equilibrium mesoscopics. The effect of adiabatic charge
pumping [5] has been experimentally observed [6] and
analyzed theoretically [7,8]. Weak localization under ac
pumping [9] and the photovoltaic effect [12] in a quantum
dot have been theoretically studied. The non-equilibrium
noise has been suggested [15] as a cause of both the low
temperature dephasing saturation [13] and the anoma-
lously large ensemble averaged persistent current [14].
Here we study the effect of the high-frequency ac field
on the mesoscopic fluctuations of linear dc conductance
when both the weak dc voltage and a strong enough high-
fequency pump field are applied to the open quantum dot
[16]. We will study the dependence of the variance of the
dc conductance fluctuations on the ac field intensity for
the noise-like and an almost periodic ac field. In partic-
ular we focus on the reduction factor r = 1 + C/D for
the variance of conductance fluctuations after turning on
a strong time-reversal breaking (e.g. the static magnetic
field) that kills the cooperon contribution to the variance
〈δG2〉C ≡ C while leaving the diffuson one 〈δG2〉D ≡ D
unchanged.
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FIG. 1. The cooperon (a) and the diffuson (b) contribu-
tions to the variance of conductance fluctuations.
The Landauer conductance g = (γV/4)2 [K(r, r′) +
K(r′, r)] of a dot of the volume V with small contacts
at r and r′ and the electron escape rate γ, can be ex-
pressed in terms of the exact retarded and advanced elec-
tron Green’s functions GR,A(r, r′; t, t′) in the time do-
main [9,10]:
K(r, r′) =
∫
dt1dt2GR(r, r′; t, t1)GA(r′, r; t2, t)Ft1−t2 (1)
where Ft = piT t sinh
−1(piT t) is the Fourier-transform of
the derivative of the Fermi distribution function for elec-
trons in the leads and f(t) =
∫ T /2
−T /2
dt
T f(t) denotes time
averaging during the observation time T → ∞.
We consider a chaotic or disordered quantum dot with
the number of open channels M ≫ 1 and the electron
escape rate ∆ ≪ γ = ∆M ≪ Ec where ∆ is the mean
level separation and the Thouless energy Ec is the inverse
ergodic time. In this situation the charging effects are
negligible, the perturbative diagrammatic analysis (see
Fig.1) is possible and the ergodic zero-dimensional ap-
proximation applies. We also assume the dephasing rate
γint(T ) caused by electron interaction to be smaller than
the escape rate γ. At such conditions in the absence of
ac pumping one obtains C = D ∼ (γ/∆)2 at zero tem-
perature. Thus the reduction factor r = 2.
1
However, the results may change if the dot is subject to
a time-dependent perturbation. In that case the Green’s
functions GR,A(r, r′; t, t′) are inhomogeneous in time, so
that the cooperon
〈GR(r, r′; t+, t′+)GA(r, r′; t−, t′−)〉 =
1
2
δ(t− t′)Ct(η, η′)
and the diffuson
〈GR(r, r′; t+, t′+)GA(r′, r; t′−, t−)〉 = δ(η − η′)Dη(t, t′)
are no longer functions of the difference of two times
but in general depend on four time variables t± =
t± η/2, t′± = t′ ± η′/2. They can be found from [18]:{
2
∂
∂η
+ γ +D
[
i∇+ A
(
t+
η
2
)
+A
(
t− η
2
)]2}
(2)
×Ct(η, η′; r, r′) = 2δ(η − η′)δ(r− r′),
and{
∂
∂t
+ γ +D
[
i∇+A
(
t+
η
2
)
−A
(
t− η
2
)]2}
(3)
×Dη(t, t′; r, r′) = δ(t− t′)δ(r− r′).
For concreteness we consider the ‘dot’ in a form of a
quasi-1d ring of the circumference L with two leads at
points r and r′. Qualitatively, the results do not change
if the dot has the form of a disc or the ac pumping is
produced by applying the gate voltage that changes the
dot’s shape [11].
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FIG. 2. The circular ‘dot’ under ac pumping: the circular
electric field results from the oscillating magnetic flux ϕ(t).
The time-dependent magnetic flux φ(t) = A(t)L
threads the ring and results in the circular electric field
Eθ(t) = −d/dtA(t) which does not depend on the po-
sition x = Lθ/2pi (see Fig.2). The periodic bound-
ary condition Dη(t, t
′;x − x′) = Dη(t, t′;x + L − x′)
and Ct(η, η
′;x − x′) = Ct(η, η′;x + L − x′) allows to
switch in Eqs.(2,3) to the Fourier components Dη(t, t
′; q)
and Ct(η, η
′; q) with qn = (2pi/L)n, (n = 0,±1,±2, ...)
and the condition Ec/γ ≫ 1 allows to leave only the
zero-mode components Dη(t, t
′) = Dη(t, t
′; q = 0) and
Ct(η, η
′) = Ct(η, η
′; q = 0) (ergodic approximation):
Dη(t, t
′) = Θη−η′ e
−
∫
t
t′
Γd(η,ξ) dξ (4)
Ct(η, η
′) = Θt−t′ e
− 1
2
∫
η
η′
Γc(t,ξ) dξ
, (5)
where Θt is the step-function and [11]:
Γd(η, ξ) = γ +D (A(ξ + η/2)−A(ξ − η/2))2 , (6)
Γc(t, ξ) = γ +D (A(t+ ξ/2) +A(t− ξ/2))2 . (7)
Then one obtains from the diagrams of Fig.1:
D ∝
∫
dt′dt′′Dη(t, t′)D−η(t, t′′) F
2
t′−t′′ . (8)
C ∝
∫
dt′dη′Ct′+t(−η′ − 2t′,−η + 2t′)Ct(η, η′)F 22t′ . (9)
where averaging over t and η is assumed.
We observe that while the variables in the arguments
of diffusons are decoupled, they are strongly coupled in
the argument of a cooperon. As usual this leads to the
restricted region of integration in Eq.(9) and to a general
inequality C/D < 1 or r < 2.
However, there is a dramatic difference between the
noise-like ac field with the short correlation time τ0 ∼
ω−1 ≪ τϕ and the harmonic ac field A(t) = A0 cos(ωt)
with ω ≫ γ. At such a high-frequency pumping one can
replace Γd(η, ξ) and Γc(t, ξ) in Eqs.(4,5) by the time aver-
ages Γd(η) = Γd(η, ξ) and Γc(t) = Γc(t, ξ). This approx-
imation will be referred to as the high frequency ansatz.
In the case of the white–noise pumping the average of the
cross-terms Aξ+η/2Aξ−η/2 and At+ξ/2At−ξ/2 in Eqs.(6,7)
is zero and we obtain the same, time-independent decay
rates Γd = Γc = γ + 1/2τϕ for the cooperons and the
diffusons with η 6= 0, where
τ−1ϕ = 4DA
2 ∝ I (10)
is proportional to the pumping intensity I. As the re-
sult the reduction factor r = 2 is unchanged. In con-
trast to that, for the harmonic pumping the decay rates
Γc(t) = γ+τ
−1
ϕ cos
2(ωt) and Γd(η) = γ+τ
−1
ϕ sin
2(ωη/2)
are periodic functions of the ‘additional’ time variables
t and η. Thus the pumping-induced dephasing is effec-
tively switched off inside the ‘no-dephasing’ time intervals
where Γd,c(t) ≪ γ. At strong pumping τ−1ϕ ≫ γ these
time intervals make the main contribution to mesoscopic
fluctuations.
Below we present analytical results for the reduction
factor r in the high-frequency limit ω ≫ τ−1ϕ ≫ γ [11].
Using the high-frequency ansatz we obtain from
Eqs.(8,9):
D
g20
=
∫ T /2
−T /2
dη
2T
(
γ2
Γd(η)
)∫ ∞
0
e−tΓd(η) F 2t dt. (11)
C
g20
=
∫ T /2
−T /2
dt
T
∫ t
−∞
dt′
γ2F 22t−2t′ e
−2(t−t′) Γc(t
′)
1
2 (Γc(t) + Γc(t
′))
, (12)
2
where g0 = piγ/4∆ is the mean conductance, T → ∞ is
an observation time, and Ft = piT t sinh
−1(piT t).
Eqs.(11,12) can be simplified in the limit of low tem-
peratures T ≪ γ where Ft ≈ 1 and in the limit of high
temperatures T ≫ ω(γτϕ)−1/2 where F 2t ≈ (pi/6T ) δ(t)
and we have:
〈δG2〉D,C
g20
=
piγ2
12T
∫ T /2
−T /2
dt
T
1
Γd,c(t)
. (13)
As has been already mentioned, in the case of the
nearly white-noise pumping Γd = Γc = γ + 1/2τϕ are
independent of η and t. For relatively small pumping in-
tensity I ∝ (γτϕ)−1 ≪ γ/∆ the variance of conductance
fluctuations is still given by diagrams of Fig.1 and we
have:
D
g20
=
C
g20
=


1
2
(
1 + 12γτϕ
)−2
, T ≪ γ + 12τϕ
piγ
12T
(
1 + 12γτϕ
)−1
, T ≫ γ + 12τϕ
(14)
For larger intensities (γτϕ)
−1 ≫ γ/∆ one has to take into
account dressing of vertices [17] and the result changes.
Yet in both cases the reduction factor r is strictly 2.
For the periodic pumping the decay rates are peri-
odic functions of time: Γd(t) = γ + τ
−1
ϕ sin
2(ωt/2),
Γc(t) = γ+ τ
−1
ϕ cos
2(ωt), and Eqs.(11,12) no longer lead
to the same result. At high pumping intensities γτϕ ≪ 1
the integrals in Eqs.(11,12) are dominated by the vicinity
of zeros tD,Cn of sin
2(ωt/2) and cos2(ωt). One can expand
Γd,c(t) near t
D,C
n , perform integrations from −∞ to +∞
over t− tD,Cn and sum over tD,Cn . The result depends on
the relation between the temperature of leads T and γ.
For T ≪ γ ≪ τ−1ϕ we obtain:
D
g20
≈ 1
4
√
γτϕ ∝ 1√
I
,
C
g20
≈ 1
2
γτϕ ∝ 1
I
. (15)
One can see that the cooperon contribution C is strongly
suppressed at high pumping intensities and the reduction
factor r = 1 + 2(γτϕ)
1/2 is close to 1.
At high temperatures T ≫ ω(γτϕ)−1/2 and strong
pumping γ ≪ τ−1ϕ Eq.(13) gives the same value
D
g20
=
C
g20
=
piγ
12T
√
γτϕ (16)
for the diffuson and the cooperon contribution to con-
ductance fluctuations, and r = 2.
However, even at high temperatures the cooperon con-
tribution can be significantly suppressed relative to the
diffuson one if the pumping field is a sum of two harmonic
parts:
A(t) = A0 [cos(ωt) + cos(αωt)], (0 < α < 1). (17)
In this case we have from Eqs.(6,7) Γd(t) − γ =
τ−1ϕ [sin
2(ωt/2) + sin2(αωt/2)]/2 and Γc(t) − γ =
τ−1ϕ [cos
2(ωt)+cos2(αωt)]/2. In the limit of strong pump-
ing γτϕ ≪ 1 one can express the integral in Eq.(13) in
terms of the distribution of complex roots tn of the equa-
tion Γd,c(t) = γ. This is the problem of distribution of
complex roots zn = xn + iyn with yn ∼ √γτϕ ≪ 1 of the
transcendental equation:
cos z + cos(αz)± 2 = 0, (18)
where the sign ± stands for the cooperon and the diffuson
contribution to the variance, respectively.
Defining the densities of complex roots ρd,c(y) of
Eq.(18) with the sign − (ρd) or + (ρc):
ρ(y) =
∑
n
〈δ(x− xn)δ(y − yn)〉x, (19)
where 〈...〉x = (ωT )−1
∫
|x|<ωT /2 dx... stands for the aver-
aging over x, we obtain:
〈δG2〉D,C
g20
=
pi2γ2τϕ
3T
√
1 + α2
∫ +∞
−∞
dy ρd,c(y)[
2γτϕ +
y2
4 (1 + α
2)
]1/2 .
(20)
For the case of two commensurate frequencies α = P/Q <
1 with Q ∼ 1 the density ρ(y) is the set of δ-functions
(2piQ)−1
∑
δ(y − yn) separated by gaps ∆yn ∼ 1/Q. At
γτϕ ≪ 1/Q2 the gap y1 ∼ 1/Q is large compared to
(γτϕ)
1/2, and in the leading approximation one can ne-
glect all complex roots with yn 6= 0. Equation (18) with
the sign minus has real roots at any rational α. However,
Eq.(18) with the sign plus (relevant for the cooperon con-
tribution) has real solutions only if P andQ are both odd.
In this case D = C ∝ I−1/2 as for a strictly harmonic
pumping. However the cooperon contribution is anoma-
lously suppressed C ∝ I−1 if either Q or P is even. This
parity effect is also present for T ≪ γ as it is seen from
Fig.3 obtained by numerical integration of Eqs.(11,12).
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FIG. 3. Reduction factor r vs the ratio α of the two fre-
quency components. Also plotted is r for the golden mean
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With increasing Q the gaps ∆yn shrink to zero and in
the limit Q → ∞ one obtains smooth distribution ρ(y)
which have a deep number-theoretical origin. The be-
havior of ρ(y) at small y determines the dependence of
D and C on the pumping intensity I ∝ (γτϕ)−1.
For an infinite observation time T → ∞ the func-
tion ρ(y) is discontinuous at any commensurate point
α = P/Q. For instance at α = 1/2 we have ρd(y) =
(4pi)−1 δ(y) and ρc(y) = 0 at y ≪ 1. However at any
α → 1/2 the smooth distribution ρd(y) = ρc(y) does not
show any peak at y = 0. This means that at a strong
pumping the diffuson part of the variance of conductance
fluctuations drops dramatically if one goes away from
α = 1/2 and simultaneously the reduction factor moves
towards the universal value. This variation is discontin-
uous at T → ∞ but at a finite observation time T (finite
width δ ∼ 1/T of the harmonic component) it happens
at a scale δα = δ/ω. This is illustrated by Fig.4 obtained
by the numerical evaluation of Eqs.(11),(12) at zero tem-
perature.
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FIG. 4. The total variance of conductance fluctuations (in
units of the ensemble-average dc conductance) as a function
of α at γτφ = 0.05 and 1/T ω = 0.01. The width of peaks is
of the order of 1/T ω.
In conclusion, we have derived expressions for the dif-
fuson and the cooperon contributions to the variance of
conductance fluctuations in an open quantum dot sub-
ject to ac pumping. We focus at the difference between
the white–noise and almost periodic ac pumping. We
show that in the case of an almost periodic ac field the
pumping-induced dephasing is effectively switched off in-
side the ‘no-dephasing’ time windows. That is why the
periodic ac field is much less effective in the suppression
of conductance fluctuations than the noise-like ac field.
In contrast to the ac noise, the periodic ac field may lead
to the deviation of the reduction factor r (in the presence
of a strong phase-breaking mechanism) from the univer-
sal value of 2. The dependence of the variance of conduc-
tance fluctuations on the pumping intensity is studied for
the harmonic pumping and the quasi-periodic pumping
with two harmonic components. In the latter case we
predict the new effect of enchancement of conductance
fluctuations if two frequencies are commensurate.
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